Inseparability inequalities for higher-order moments for bipartite
  systems by Agarwal, G. S. & Biswas, Asoka
ar
X
iv
:q
ua
nt
-p
h/
05
07
14
4v
1 
 1
5 
Ju
l 2
00
5
Inseparability inequalities for higher-order moments
for bipartite systems
G. S. Agarwal1‡ and Asoka Biswas2
1Department of Physics, Oklahoma state University, Stillwater, OK - 74078, USA
2Physical Research Laboratory, Navrangpura, Ahmedabad - 380 009, India
E-mail: agirish@okstate.edu, asoka@prl.ernet.in
Abstract. There are several examples of bipartite entangled states of continuous
variables for which the existing criteria for entanglement using the inequalities involving
the second order moments are insufficient. We derive new inequalities involving higher
order correlation, for testing entanglement in non-Gaussian states. In this context we
study an example of a non-Gaussian state, which is a bipartite entangled state of the
form ψ(xa, xb) ∝ (αxa +βxb)e−(x2a+x2b)/2. Our results open up an avenue to search for
new inequalities to test entanglement in non-Gaussian states.
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The detection and characterization of entanglement in the state of a composite is
an important issue in quantum information science. Peres has addressed this issue [1]
for the first time to show that inseparability of a bipartite composite system can be
understood in terms of negative eigenvalues of partial transpose of its density operator.
There are several other criteria for inseparability in terms of correlation entropy and
linear entropy [2, 3] and in terms of positivity of Glauber-Sudarshan P -function [14].
However all these measures cannot be put to experimental tests. To detect entanglement
of any composite system experimentally, one needs to have certain criteria in terms of
expectation values of some observables.
Using Peres’s criterion of separability, Simon [5] has derived certain separability
inequalities, violation of which is sufficient to detect entanglement in bipartite systems.
These inequalities involve variances of relative position and total momentum coordinates
of the two subsystems and thus can be verified experimentally [6]. Duan et al. [7] have
also derived equivalent inequalities independently using the positivity of the quadratic
forms. It is further proved that for Gaussian states (states with Gaussian wave functions
in coordinate space), violation of these inequalities provides a necessary and sufficient
criterion for entanglement. A different form of criterion for entanglement involving
second order moments has been derived by Mancini et al. [8]. These inequalities have
been tested for entangled states produced by optical parametric oscillators and other
systems where the output state can be approximated by Gaussian states [9, 10, 11, 12].
In context of quantum information and communication, non-Gaussian states are
equally important as Gaussian states. Several entangled non-Gaussian states have been
studied in literature [13, 14, 15]. A way to produce non-Gaussian state is via state
reduction method [16, 17, 18]. Thus characterization of entanglement in non-Gaussian
state remains an open question. This motivates us to derive new inequalities, when
the existing inequalities based on second order correlation fail to test entanglement in
these states. Thus these inequalities are expected to involve higher order correlation
between position and momentum coordinates. In this paper we consider a bipartite
entangled state of bosonic system, which, in turn, is a non-Gaussian state in coordinate
space. We consider an entangled state for which the existing inseparability inequalities
cannot provide any information about the inseparability of the state. We derive new
inseparability inequalities to test its entanglement.
We start by deriving the inequalities involving the second order moments. Consider
the set of operators
U =
1√
2
(xa + xb) ; V =
1√
2
(pa + pb) [U, V ] = i . (1)
Then we would have the uncertainty relation
∆U∆V ≥ 1
2
. (2)
We now use Peres-Horodecki criteria of separability in terms of the partial transpose.
Under partial transpose, xb → xb, pb → −pb. Hence the condition that the partial
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transpose of a density matrix is also a genuine density matrix, would imply that
∆
(
xa + xb√
2
)
∆
(
pa − pb√
2
)
≥ 1
2
. (3)
This inequality was first derived by Mancini et al. [8] by using a very different method.
Thus if a bipartite system is separable then (3) should be obeyed. Violation of (3) gives
a sufficient condition for entanglement. The inequality of Duan et al. follow from (3)
by using the relations
M2 =M2− + 4Mx ,
M = [〈(∆u)2〉+ 〈(∆v)2〉] ,
M− = [〈(∆u)2〉 − 〈(∆v)2〉] ,
Mx = 〈(∆u)2〉〈(∆v)2〉 ,
(4)
where
u = xa + xb , and v = pa − pb . (5)
From Equation (4) it is clear that if the inequality Mx ≥ 1 (which is the separability
criterion of Mancini et al.) holds, then the criterion M ≥ 2 which is the separability
criterion of Duan et al., is automatically satisfied for all values of M−. But if Mx < 1,
then nothing can be said about the exact value ofM . It can be greater than or less than 2
depending on the values ofMx andM−. The above analysis implies that the separability
criterion given by Mancini et al. and that given by Duan et al. are interrelated with
each other. Furthermore,Mx < 1 is stronger than the criterionM < 2 for inseparability.
This follows from Mx ≤ M/2. We also note that Duan et al. derived a more general
separability inequality∣∣∣∣m2 − 1m2
∣∣∣∣ ≤M < m2 + 1m2 , (6)
where
u = |m|xa + 1
m
xb , v = |m|pa − 1
m
pb . (7)
For a bipartite Gaussian states, the inequalities for second order correlations are also
sufficient. Equivalent necessary and sufficient condition for separability of Gaussian
states have been derived by Englert and Wodkiewicz [19] using density operator
formalism. They have shown that the positivity of the partial transposition and P-
representability of the separable Gaussian states are closely related.
In this paper we focus on the following bipartite continuous variable Bell state
formed from ground and excited states of the harmonic oscillators:
ψ(xa, xb) =
√
2
pi
(αxa + βxb)e
−(x2a+x
2
b
)/2 , |α|2 + |β|2 = 1 , (8)
which is the state of a composite system of bosonic particles. It clearly represents a
non-Gaussian state in coordinate space. The nonclassical properties of such states were
studied in [13]. A recent experimental proposal discusses how to generate non-Gaussian
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states by subtracting a photon from each mode of a two-mode squeezed vacuum state
[15]
The Peres-Horodecki criterion [1] is known to be necessary and sufficient for
inseparability for bipartite systems in (2 × 2) and (2 × 3) dimensions, but to be only
sufficient for any higher dimensions. This criterion states that if the partial transpose
of a bipartite density matrix has at least one negative eigenvalue, then the state must
be inseparable. Next, we apply this criterion to test the inseparability of the state (8).
The density matrix of this state is given by
ρ = |ψ〉〈ψ|
= |α|2|1, 0〉〈1, 0|+ |β|2|0, 1〉〈0, 1|+ (α∗β|0, 1〉〈1, 0|+H.c.) , (9)
where
|1, 0〉 ≡
√
2
pi
xae
−(x2a+x
2
b
)/2 . (10)
Taking partial transpose of the second subsystem, we obtain the following density
matrix,
ρPT = |α|2|1, 0〉〈1, 0|+ |β|2|0, 1〉〈0, 1|+ (α∗β|0, 0〉〈1, 1|+H.c.) . (11)
The four eigenvalues of the above density matrix can be calculated as |α|2, |β|2, ±|α||β|.
Clearly the negative eigenvalue of ρPT confirms the inseparability of the state (8) under
consideration.
Now we examine the validity of the existing inseparability inequalities (6) and (3)
for the entangled state (8). For the conjugate variables u and v defined by Equation
(7), we find that
〈(∆u)2〉+ 〈(∆v)2〉 = |m|2 + 1
m2
+ 2
(
|α|2|m|2 + 1
m2
|β|2
)
, (12)
which is clearly greater than |m|2 + 1/m2. Thus though the state (8) is entangled, the
criterion (6) cannot exploit this fact. In other words, violation of the criterion (6), as
shown above, would conclude that the state under consideration is separable, which
definitely is not the case. We further find that for m = 1,
〈(∆u)2〉〈(∆v)2〉 = 4− (αβ∗ + α∗β)2 = 4− 4[Re(αβ∗)]2 , (13)
which has the minimum value equal to 3, which implies that 〈(∆u)2〉〈(∆v)2〉 is always
greater than unity for m = 1. According to the inequality (3), this refers to separability
in the state which is again not the case. From the above discussion we conclude that the
existing inseparability criteria based on second order correlations do not provide correct
information about the inseparability of a standard bipartite entangled state which in
turn is non-Gaussian. This warrants search for new inequalities involving higher order
correlations, to test inseparability of such states.
Needless to say that since there is an infinity of these higher-order correlations,
one could construct a very large number of such inequalities involving higher order
correlations. In what follows, we consider the next logical correlations. Our analysis
Inseparability inequalities for higher-order moments for bipartite systems 5
below is reminiscence of what has been done in context of nonclassical light [20, 21].
We could consider the following set of operators:
Sx =
a†b+ ab†
2
; Sy =
a†b− ab†
2i
, Sz =
a†a− b†b
2
. (14)
The operators Si obey the algebra of angular momentum operators and hence the
uncertainty relation ∆Sx∆Sy ≥ 12 |〈Sz〉| would give, for example,
∆
[
a†b+ ab†
2
]
∆
[
a†b− ab†
2i
]
≥ 1
2
∣∣∣∣∣
〈
a†a− b†b
2
〉∣∣∣∣∣ . (15)
It is known that under partial transpose, a separable density matrix remains as a valid
density operator. Using this property of partial transpose, we expect that for a separable
state, the following inequality is also valid:
[〈a†abb†〉+ 〈aa†b†b〉+ 〈a†2b†2〉+ 〈a2b2〉 − 〈a†b† + ab〉2]
×[〈a†abb†〉+ 〈aa†b†b〉 − 〈a†2b†2〉 − 〈a2b2〉+ 〈a†b† − ab〉2] ≥
∣∣∣〈a†a− b†b〉∣∣∣2 (16)
which has been obtained from Equation (15) under the partial transpose b ↔ b†. A
violation of (16) would imply that the state is entangled. However, for the state (8),
|(|α|2 − |β|2)| ≤ 1. Thus the inequality (16) is not violated and hence does not lead
to any new information regarding the inseparability of the state. Next we consider the
following operators satisfying SU(1,1) algebra
Kx =
a†b† + ab
2
; Ky =
a†b† − ab
2i
, Kz =
a†a + b†b+ 1
2
. (17)
Such operators previously have been used in consideration of higher order squeezing
[20]. The uncertainty inequality would give
∆
[
a†b† + ab
2
]
∆
[
a†b† − ab
2i
]
≥ 1
2
∣∣∣∣∣
〈
a†a+ b†b+ 1
2
〉∣∣∣∣∣ . (18)
Using the partial transpose as above, we get a new inequality for separability
[〈a†ab†b〉+ 〈aa†bb†〉+ 〈a†2b2〉+ 〈a2b†2〉 − 〈a†b+ ab†〉2]
×[〈a†ab†b〉 + 〈aa†bb†〉 − 〈a†2b2〉 − 〈a2b†2〉+ 〈a†b− ab†〉2] ≥
∣∣∣〈a†a + bb†〉∣∣∣2 . (19)
For the state (8), the above relation leads to the following result:
|α∗β|2 − 2[Re(α∗β)]2[Im(α∗β)]2 ≤ 0 (20)
which is always violated for all values of α and β. Thus the state under consideration is
inseparable according to this inequality (19) which is in conformity with Peres-Horodecki
criterion. This inequality, which is based on higher order correlation, is thus successful
to test inseparability in the non-Gaussian states like (8), while the existing inequalities
based on second order correlation fail to do so. This result opens up an avenue to search
for general inseparability inequalities for non-Gaussian states.
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Note that the inequality (19) can also be expressed in terms of position and
momentum variables of the two subsystems as[
∆2(xaxb) + ∆
2(papb) + 〈xapapbxb〉+ 〈paxaxbpb〉 − 2〈xaxb〉〈papb〉
]
×
[
∆2(xapb) + ∆
2(paxb)− 〈xapaxbpb〉 − 〈paxapbxb〉+ 2〈xapb〉〈paxb〉
]
≥ 1
4
∣∣∣〈x2a〉+ 〈p2a〉+ 〈x2b〉+ 〈p2b〉∣∣∣2 (21)
In order to detect entanglement using Equation (19) we need to do a variety
of homodyne measurements [22, 23, 24, 25]. Such measurements would yield the
distribution of quadratures.
In conclusions, we have shown in context of a bosonic non-Gaussian state of the
Bell form, that the existing inseparability inequalities based on second order correlations
are not enough to test the entanglement. We have derived a new set of separability
inequalities using Peres-Horodecki criterion of separability. This new inequality involves
higher order correlation of quadrature variables and can be tested experimentally as
discussed above. Violation of this inequality detects entanglement in the non-Gaussian
state under consideration. The failure of the existing criteria in terms of the second
order moments is perhaps a reflection of the fact that the state (8) in no limit goes over
to a Gaussian state.
References
[1] Peres A 1996 Phys. Rev. Lett. 77 1413
Horodecki M, Horodecki P and Horodecki R, 1996 Phys. Lett. A 223 1
Horodecki P 1997 Phys. Lett. A 232 333
[2] Nielsen M A and Chuang I L 2002Quantum Computation and Quantum Information (Cambridge:
Cambridge University Press) p.109
[3] Huang H and Agarwal G S 1994 Phys. Rev. A 49 52
[4] Lee J, Kim M S and Jeong H 2000 Phys. Rev. A 62 032305
[5] Simon R 2000 Phys. Rev. Lett. 84 2726
[6] Howell J C, Bennink R S, Bentley S J and Boyd R W 2004 Phys. Rev. Lett. 92 210403
[7] Duan L-M, Giedke G, Cirac J I and Zoller P 2000 Phys. Rev. Lett. 84 2722
[8] Mancini S, Giovannetti V, Vitali D and Tombesi P 2002 Phys. Rev. Lett. 88 120401
[9] Bowen W P, Treps N, Schnabel R and Lam P K 2002 Phys. Rev. Lett. 89 253601
[10] Silberhorn C, Lam P K, Weiss O, Konig F, Korolkova N and Leuchs G 2001 Phys. Rev. Lett. 86
4267
Korolkova N, Leuchs G, Loudon R, Ralph T C and Silberhorn C 2002 Phys. Rev. A 65 052306
[11] Josse V, Dantan A, Pinard M and Giacobino E 2004 Phys. Rev. Lett. 92 123601
[12] Julsgaard B, Kozhekin A and Polzik E S 2001 Nature 413 400
[13] Agarwal G S, Puri R R and Singh R P 1997 Phys. Rev. A 56 4207
[14] Kim M S, Park E, Knight P L and Jeong H 2005 Phys. Rev. A 71 043805
[15] Garc´ia-Patro´n R, Fiura´s˘ek J, Cerf N J, Wenger J, Tualle-Brouri R and Grangier P 2004 Phys.
Rev. Lett. 93 130409
Garc´ia-Patro´n R, Fiura´s˘ek J and Cerf N J 2005 Phys. Rev. A 71 022105
[16] Agarwal G S 1990 Quant. Opt. 2 1
D’Ariano G M, Kumar P, Macchiavello C, Maccone L and Sterpi N 1999 Phys. Rev. Lett. 83 2490
[17] Watanabe K and Yamamoto Y 1998 Phys. Rev. A 38 3556
Inseparability inequalities for higher-order moments for bipartite systems 7
[18] Zavatta A, Viciani S and Bellini M 2004 Science 306 660
[19] Englert B-G and Wo´dkiewicz K, 2002 Phys. Rev. A 65 054303
[20] Hillery M 1989 Phys. Rev. A 40 3147
[21] Agarwal G S and Tara K 1992 Phys. Rev. A 46 485
Shchukin E, Richter Th and Vogel W 2005 Phys. Rev. A 71 011802
[22] Smithey D T, Beck M, Raymer M G and Faridani A 1993 Phys. Rev. Lett. 70 1244
[23] Leonhardt U and Paul H 1994 Phys. Rev. Lett. 72 4086
[24] Vasilyev M, Choi S-K, Kumar P and D’Ariano G M 2000 Phys. Rev. Lett. 84 2354
[25] Agarwal G S and Chaturvedi S 1994 Phys. Rev. A 49 665
